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Abstract
We show that estimation of parameters for the popular Gaussian model of speech in noise can be regularised
in a Bayesian sense by use of simple prior distributions. For two example prior distributions, we show that
the marginal distribution of the uncorrupted speech is non-Gaussian, but the parameter estimates themselves
have tractable solutions. Speech recognition experiments serve to suggest values for hyper-parameters, and
demonstrate that the theory is practically applicable.
Keywords: Speech processing, noise.
1 Introduction
An important problem encountered in speech signal processing is that of how to normalise a signal for the
effects of additive noise. In speech enhancement the task is to remove noise from a signal to reproduce the
uncorrupted signal such that it is perceived by a listener to be less noisy. In Automatic Speech Recognition
(ASR), the task is to reduce the effect of additive noise on recognition accuracy.
Many common practical solutions are based on assumption of a simple additive Gaussian model for both
speech and noise in the spectral domain. In ASR, the spectral subtraction approach of Boll [1] is well established,
and often used as a means to derive a Wiener filter. In speech enhancement, much work is based on the
technique of Ephraim and Malah [2].
More recently, there has been much interest in super-Gaussian distributions as models for speech [3, 4].
Given such a model, it has been shown that spectral subtraction can still generate state of the art results in
ASR [5].
In this paper, we present a novel analysis approach for speech in noise. We show that simple priors placed on
the parameters of a Gaussian model can lead to super-Gaussian marginal distributions. Furthermore, computa-
tionally simple maximum a-posteriori (MAP) additive noise removal solutions exist for the two cases considered.
2 Mathematical framework
2.1 Gaussian model
Let us assume that a DFT operation produces a vector, x, with complex components, x1, x2, . . . , xF , where the
real and imaginary parts of each xf are i.i.d. normally distributed with zero mean and variance υf . That is,
f (xf | υf ) = 1
piυf
exp
(
−|xf |
2
υf
)
. (1)
In the case where we distinguish two coloured noise signals, a background noise, n, and a signal of interest, s,
typically speech, denote the noise variance as ν and the speech variance as ς. In general, the background noise
can be observed in isolation and modelled as
f (nf | νf ) = 1
piνf
exp
(
−|nf |
2
νf
)
. (2)
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The speech, however, cannot normally be observed in isolation. It is always added to noise. When both speech
and additive noise are present the variances add, meaning that the total signal, tf = sf + nf , can be modelled
as
f (tf | ςf , νf ) = 1
pi(ςf + νf )
exp
(
− |tf |
2
ςf + νf
)
. (3)
The above model is the basis of the Wiener filter and of the widely used Ephraim-Malah speech enhancement
technique [2]. The goal is usually formulated as requiring an estimate of sf ; this proceeds via estimation of ςf .
2.2 Parameter estimation
We seek an expression for the speech variance, ςf , in terms of the observable variable tf . In the following, we
drop the subscript for simplicity, assuming that all expressions apply to a single bin of a single DFT.
The first step is to note that the expression will depend upon the noise variance, and introduce it as a
nuisance parameter
f (ς | t) =
∫ ∞
0
dν f (ς, ν | t) . (4)
The second is to apply Bayes’s theorem to the term inside the integral,
f (ς | t) =
∫ ∞
0
dν
f (t | ς, ν) f (ς, ν)∫∞
0
dς ′dν′ f (t | ς ′, ν′) f (ς ′, ν′) . (5)
Before attempting to solve 5, we apply three practical simplifications:
1. We assume that ς is dependent upon ν such that
f (ς, ν) = f (ς | ν) f (ν) . (6)
2. We assume that an estimate, νˆ, of ν is available via solution of 2 during non-speech segments of the signal.
This reduces f (ν) to a delta function, removing the need to integrate.
3. Given that we seek an estimate rather than a distribution, the denominator can be ignored.
The problem then reduces to the maximisation
ςˆ = max
ς
f (t | ς, νˆ) f (ς | νˆ) . (7)
3 Three estimates of speech variance
3.1 Maximum Likelihood
If we substitute 3 into 7, and ignore the second term of 7, the solution is
ςˆ =
{
|t|2 − νˆ, if |t|2 > νˆ,
0 otherwise.
(8)
This is the well known Maximum Likelihood estimate. It is known to provide a “reasonable” estimate of the
speech variance, but always requires regularisation. In the Ephraim-Malah technique, the ML estimate is reg-
ularised using the decision-directed estimator, which forms a linear combination of the ML estimate, and an
expression derived from the previous frame. In ASR, the ML estimate is known as power spectral subtraction.
It is regularised by means of an over-subtraction factor, α, and a flooring factor, β:
ςˆ =
{
|t|2 − ανˆ, if |t|2 − ανˆ > βνˆ,
βνˆ otherwise.
(9)
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3.2 Maximum a-Posteriori: inverse gamma prior
The inverse gamma distribution, which we parameterise here as
f (x | α, β) = β
α
Γ(α)
x−α−1 exp
(
−β
x
)
(10)
is a common prior for a variance. This is normally for reasons of conjugacy. In this situation, the inverse gamma
is not a conjugate prior because of the extra noise variance term. Nevertheless, it is possible to derive a MAP
estimate of the speech variance:
I = f (t | ς, νˆ) f (ς | νˆ) (11)
=
1
pi(ς + νˆ)
exp
(
− |t|
2
ς + νˆ
)
(12)
× β
α
Γ(α)
ς−α−1 exp
(
−β
ς
)
(13)
∂ log I
∂ς
= − 1
ς + νˆ
+
|t|2
(ς + νˆ)2
− α+ 1
ς
+
β
ς2
= 0. (14)
ςˆ is then a solution of the cubic
−(α+ 2)ς3 +
(
|t|2 − 2(α+ 1)νˆ − νˆ + β
)
ς2 +
(
2βνˆ − (α+ 1)νˆ2) ς + βνˆ2 = 0. (15)
3.3 Maximum a-Posteriori: gamma prior
The gamma distribution, parameterised here as
f (x | α, β) = 1
βαΓ(α)
xα−1 exp
(
−x
β
)
(16)
is not normally used as a prior for a variance as it is not conjugate. However, it has been suggested (e.g., Gazor
and Zhang [6]) that such a distribution is a good fit for speech under some circumstances. We show here that
it leads to a MAP solution similar to that of the inverse gamma prior. The MAP solution proceeds as
I = f (t | ς, νˆ) f (ς | νˆ) (17)
=
1
pi(ς + νˆ)
exp
(
− |t|
2
ς + νˆ
)
(18)
× β
α
Γ(α)
ςα−1 exp
(
− ς
β
)
(19)
∂ log I
∂ς
= − 1
ς + νˆ
+
|t|2
(ς + νˆ)2
+
α− 1
ς
− 1
β
= 0. (20)
ςˆ is again the solution to a cubic:
−(1/β)ς3 + (α− 2νˆ/β − 2)ς2 +
(
2(α− 1)νˆ + |t|2 − νˆ2/β − νˆ
)
ς + (α− 1)νˆ2 = 0. (21)
3.4 Discussion
For each MAP case, the solution ςˆ results from solving a cubic. An analytic solution to the cubic is readily
available [7]; the first solution, which is guaranteed to be real, is the appropriate one. One important empirical
observation is that the solution in the inverse gamma case is not numerically stable. We find, however, that a
Newton-Raphson solution is stable, the larger of |t|2 and νˆ being a suitable starting value for the iteration.
4 Experiments
4.1 Re-parameterisation
In the ML case, the two parameters are somewhat arbitrary numbers. This is also true of the α parameter for
the MAP cases. Empirically, however, we find the following arguments helpful to set the prior parameter β:
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The expectation of the gamma PDF can be written
E (x) = αβ. (22)
The expectation can also be written heuristically as a Signal to Noise Ratio (SNR), ω, times the noise level. The
suggests a constraint
β = ωνˆ/α. (23)
The expectation of the inverse gamma PDF is not defined for small values of α. However, the mode is
xˆ =
β
α+ 1
. (24)
By a similar argument, we can write
β = (α+ 1)δνˆ, (25)
where δ is related to SNR.
We note briefly that if we were to maximise, say,
√
ς or log ς, which may be more appropriate perceptually, the
Jacobian is simply a power of ς so the change of variable would only result in an additive offset to α. Optimising
α hence affords some independence of such domain. However, the domain also changes the meaning of ω and
δ.
4.2 ASR experiments
To show the feasibility of the two new estimators, and to find reasonable values of the hyper-parameters, we
give results in the form of ASR performance. Given that spectral subtraction is often used in ASR, we suppose
that the speech variance, ς, of which we have shown spectral subtraction to be an estimate, is a suitable feature.
The aurora 2 task [8] is a well known evaluation for noise compensation techniques. It is a simple digit
recognition task with real noise artificially added in 5dB increments such that performance without noise com-
pensation ranges from almost perfect to almost random. We used a simple “MFCC” front-end with a 256 point
DFT every 10ms, 23 mel bins and 13 cepstral coefficients (including C0) plus first and second order delta coef-
ficients. The MFCCs were normalised with an adaptive cepstral mean subtraction. The (hyper-)parameters of
each noise compensation technique were coarsely optimised by hand using the figure of merit for test set “A”
from aurora 2: α = 1.0, β = 0.1 for maximum likelihood, α = −0.99, δ = 1.0 for the inverse gamma prior and
α = 1.35, ω = 15.4 for the gamma prior. Results shown are those of test set “B” with these parameters. The
noise variance, νˆ, was estimated as the mean of the first 10 frames of each utterance.
Observe that all compensation techniques give an improvement over the baseline, but there is little to choose
between them. We stress that these results are not state of the art for this database; they just serve to compare
the estimators and suggest values for hyper-parameters.
5 Analysis
5.1 Comparison with ML solution
The transfer functions of the three estimators are shown in Fig. 2. The abscissa represents an input signal power,
|t|2, and the ordinate represents an output estimated speech variance, ςˆ, for a fixed noise variance νˆ = 0.2. The
parameters for the curves are (approximately) those found empirically in section 4.2. Notice that both priors
give a result qualitatively similar to spectral subtraction, mimicking the concepts of over-subtraction (for high
signal power) and flooring (for low signal power). Remarkably for the empirically derived parameters, the
inverse gamma prior behaves very like spectral subtraction (a very mild over-subtraction is visible on suitable
axes). The gamma prior yields a square-root compression, with much more aggressive over-subtraction and
flooring.
5.2 Histogram
Given a large database of speech recorded in a quiet environment, it is possible to plot a detailed histogram
representing the distribution of any given DFT bin. In plotting spectral power, we are plotting some estimate of
f
(
|t|2
)
. We can superimpose upon this plot the same marginal distributions that would be implied by the two
choices of prior above. To find these distributions, we proceed in the following stages:
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Figure 1: ASR performance of a baseline and the three speech variance estimates on test set B of aurora 2 (clean
training). The lines are indistinguishable for SNR > 15dB.
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Figure 2: Transfer functions of estimators of ςˆ for a fixed noise level νˆ = 0.2.
1. We make a change of variable p = |t|2 in the expression for the spectral observation 3. This well known
operation yields the exponential distribution
f (p | ς, ν) = 1
ς + ν
exp
(
− p
ς + ν
)
. (26)
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Figure 3: Histogram of a DFT bin for a large database of speech, plus implied marginal distributions using the
given priors.
2. We assume that ν is close to zero, as in uncorrupted speech.
3. We write
f (p) =
∫ ∞
0
dς f (p | ς) f (ς) . (27)
Notice the similarity with the denominator of 5; the approach is related to the evidence framework of
MacKay [9].
In the case of the inverse gamma prior, it is shown in appendix A.1 that
f (p) = αβα(p+ β)−1−α, (28)
i.e., the conjugate prior yields a simple result. For the gamma prior, the equivalent result is shown in appendix
A.2 to be
f (p) =
1
β
α+1
2 Γ(α)
p
α+1
2 −1K1−α
(
2
√
p
β
)
. (29)
Both the above marginal distributions are super-Gaussian.
A plot of the form described above is shown in Fig. 3, using values of α appropriate for the log domain as
discussed in section 4.1. The histogram is taken from the clean part of the aurora 2 training corpus, described
above. The hyper-parameter values are as determined above, and νˆ is an average for the bin at 1000Hz.
Notice that the inverse gamma based marginal distribution models the noise floor quite well, but incorrectly
attaches too much probability mass to high values of speech. The fact that δ = 1 suggests that the turning point
on the graph is the noise level, and the prior is simply saying that the speech should be above the noise.
Conversely, the gamma based marginal distribution appears to be modelling the speech signal itself, although
not particularly well, suggesting that another choice of prior may be better. The bias towards small values
explains the higher noise floor observed in Fig. 2.
6 Conclusion
We have derived two new analytic expressions for the variance parameter of a speech power spectrum in noise.
One is consistent with a prior model of the minimum power imposed by the background noise level in speech.
The other arises from a simple prior model of the speech spectral power itself. In a noise reduction setting, both
expressions have been shown to behave qualitatively in a similar manner to power spectral subtraction.
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The prior distributions lead to super-Gaussian marginal distributions for the speech power; this is in keeping
with recent thinking about the nature of the speech PDF. However, both implied marginal distributions have
shortcomings when compared to a measured PDF of real speech. This implies that future work should focus on
finding a better prior for the speech.
A Derivations of marginal distributions
A.1 Marginal of exponential variate with inverse-gamma prior
Say we have a variable that is exponentially distributed with parameter θ, and we put an inverse-gamma prior
on the parameter. We can then integrate out θ. In doing so, the exponentials disappear giving a completely
polynomial distribution.
f (x) =
∫ ∞
0
dθ
1
θ
exp
(
−x
θ
) βα
Γ(α)
θ−α−1 exp
(
−β
θ
)
(30)
=
βα
Γ(α)
∫ ∞
0
dθ θ−α−2 exp
(
−x+ β
θ
)
(31)
=
βα
Γ(α)
Γ(α+ 1)
(x+ β)α+1
(32)
= αβα(x+ β)−1−α. (33)
A.2 Marginal of exponential variate with gamma prior
Following the above argument, but with a gamma distributed prior, the result is more involved, but still analytic.
f (x) =
∫ ∞
0
dθ
1
θ
exp
(
−x
θ
) 1
βαΓ(α)
θα−1 exp
(
− θ
β
)
(34)
=
1
βαΓ(α)
∫ ∞
0
dθ θα−2 exp
(
− θ
β
− x
θ
)
. (35)
This integral is the integral representation of the modified Bessel function ( [10], 8.432.7)
Kn(yz) =
zn
2
∫ ∞
0
exp
[
−y
2
(
t+
z2
t
)]
t−n−1dt, (36)
with
y
2
=
1
β
, z2 = βx, n = 1− α. (37)
So,
f (x) =
1
β
α+1
2 Γ(α)
x
α+1
2 −1K1−α
(
2
√
x
β
)
. (38)
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